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1. INTRODUCTION AND DEFINITIONS 
Let Eg be the function defined by 
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Z . 
E,(z):= 2 ani D’ z E C, a EC, with Rea > 0 
n= 


that was introduced by Mittag-Leffler [14] and commonly known as the Mittag-Leffler function. 
Wiman [25] defined a more general function Eg g generalizing the Ey Mittag-Leffler function, 
that is 
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When f = 1, it is abbreviated as Eg (z) = Eg, (Z). Observe that the function Ey g contains many 
well-known functions as its special case, for example, 
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E11 (2) =e”, E12(2) = , E21(z°) = coshz 


sinh z sin z 


, E, 2(—z") =} 


E,1(—z?) = cosz, E,2(z?) = ; 


1 1 -1 v3 
E,(z) = z (cos z1/4 + coshz'/*), E3(z) = zee” +2e 2 77° cos (Z) 


We recall the error function erf given by [1, p. 297] 
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the complement of the error function erfc defined by 


CO" anti 


erfc(z):= 1 —erf(z) = 1 — Daa zi ni(2n+ 1) z D , 


and the normalized form of the error function erf denoted by Erf (normalized with the condition 
Erf’(0) = 1) is given by 


® —1)n-1 
Erf(z): = VTZ ect) B > a e” 
n=2 


It is of interest to note that by fixing a = 1/2 and f = 1 we get 


Ei (z)= e” erfc(—z), 
pl 


that is 


— „z? 2 < (=D! nt 
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The Mittag-Leffler function arises naturally in the solution of fractional order differential and 
integral equations, and especially in the investigations of fractional generalization of kinetic 
equation, random walks, Lévy flights, super-diffusive transport and in the study of complex 
systems. Several properties of Mittag-Leffler function and generalized Mittag-Leffler function 
can be found for example in [2,3,8,9,11,12]. We note that the above generalized (Mittag-Leffler) 
function Eq g does not belongs to the family A, where A represents the class of functions whose 
members are of the form 


f(z) =z+ D anz”, zZ E€ D, 
n=2 


which are analytic in the open unit disk D: = {z € C: |z| < 1} and normalized by the conditions 
f(0) = f’(0) — 1 = 0. Let S be the subclass of A whose members are univalent in D. Thus, it is 
expected to define the following normalization of Mittag-Leffler functions as below, due to 
Bansal and Prajapat [3]: 
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that holds for the parameters a, p € C with Rea > 0, Re f > 0 and z E C. In this paper we shall 
confine our attention to the case of real-valued parameters a and f, and we will consider that z € 
D. 


For functions f E€ A be given by (1.1) and g E A given by g(z) = z+ Xn-2 bnz”, z E D, we 


define the Hadamard product (or convolution) of f and g by 


(f *g)(z):= z + > dyb,z”, z €D. 
n=2 


The two well known subclasses of S are namely the class of starlike and convex functions (for 
details see Robertson [20]). Thus, a function f € A given by (1.1) is said to be starlike of order 
y,0<y <1, if and only if 
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and this function class is denoted by S*(y). We also write S*(0) = : S*, where S* denotes the 
class of functions f E€ A such that f (D) is starlike domain with respect to the origin. 


A function f E€ A is said to be convex of order y,0 < y < 1, if and only if 


zf” (z) 
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and this class is denoted by K (y). Further, K: = K (0) represents the well-known standard class 
of convex functions. By Alexander's duality relation (see [6]), it is a known fact that 


fEK Sezf'ZeES*. 


A function f € A is said to be spiral-like if 


ZS (Zz 
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f(z) 


for some € E C with |é| < a and the class of spiral-like functions was introduced in [23]. Also, 


the function f is said to be convex spiral-like if zf’ (z) is spiral-like. Due to 
Murugusundramoorthy [15,16], we consider the following subclasses of spiral-like functions as 
below. 


Definition 1.1. For 0 < p < 1,0 < y < 1 and |é| < a let define the class S(é,y, p) by 


2f'(Z) 
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S, y, p): = fy E€ A: Re (es 


By virtue of Alexander's relation (see [6]) we define the following subclass K (é, y, p). 


Definition 1.2. For 0 < p < 1,0 < y < 1 and |é| < 3 let define the class K (ë, y, p) by 
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K(E,y,p):= if E€ A: Re (e 


By specializing the parameter p = 0 in the above two definitions we obtain the subclasses 
S(€,y):= S(č,y,0) and K(é,y):= KE, y, 0), respectively. 


Now we state a sufficient conditions for the function f to be in the above classes. 


Lemma 1.1({15,16]). A function f given by (1.1) is a member of S(é, y, p) if 
>, (A =p)r= secs + (1-0 +n- pllanl $1 -y 
n=2 


where || <5,0<p<10<sy<1 


Since f E€ K(é,y, p) if and only if zf’(z) € S(é,y, p), and from Lemma 1.1 we get the next 
result. 


Lemma 1.2. A function f given by (1.1) is a member of K(é, y, p) if 


>, nC = p(n = Dsec + (1-71 + np -plal $ 1- y; 
n=2 


where || <5,0<p<10<y<1. 


The next class R (9, 5) was introduced earlier by Swaminathan [24], and for special cases see 
the references cited there in. 


Definition 1.3. A function f € A is said to be in the class R” (9, 6), where t E C\ {0},0< 9 < 
1, and 6 < 1, if it satisfies the inequality 
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Lemma 1.3([24]). If f E R (9, 5) is of the form (1.1), then 
2|t|(1 — 6) n€N\ {1} 
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The bounds given in (1.3) is sharp for 


Z = n-1 
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Now we define the following new linear operator based on convolution (Hadamard) product. For 
real parameters a, 8, with a, p, ¢ {0, —1, —2, ...} and Eag be given by (1.2), we define the linear 


operator AB: A — A with the aid of the convolution product 


< r 
bf (Z):= f(z) * wp@)=z+ >. oe zED. 
n=2 


Stimulated by prior results on relations between different subclasses of analytic and univalent 
functions by using hypergeometric functions (see for example [5,10,13,21,22, 24]) and by the 
recent investigations related with distribution series (see for example [4,7,17 — 19], we obtain 
sufficient condition for the function Eq g to be in the classes S(¢,y,p) and K (g, y, p), and 
information regarding the images of functions belonging in R* (9, 6) by using the convolution 


Zz Ea g(t) 
o dt to 


operator AȘ- Finally, we determined conditions for the integral operator ve (z) =f 


belong to the above classes. 


2. INCLUSION RESULTS 


In order to prove our main results, unless otherwise stated throughout this paper, we will use the 
notation (1.2), therefore 
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Theorem 2.1. If 
[(1 — p)sec ë +p =p iE g (1) + (1 — p)(1 — y — sec ¢)Eg, g (1) < 2(1 - y), 
then Ey g E SC, y. P). 


Proof. Since Eg g is defined by (1.2), according to Lemma 1.1 it is sufficient to show that 
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Since the left-hand side of the inequality (2.5) could be written as 
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[A — p)secġ(n- 1) + (1—y)(1 + np — p)] 
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therefore, by using (2.1) and (2.2), we get 


QE yp) = [A-p)sec&+ pA —y)] [Exe - 1] 
+(1—p)(1—y —secé)[Ey (1) — 1] 
= [(1-p)sec& + p(1—y)]E, 2(1) + (1 -p)(1 -y — secé)Eg (1) 
=(l-y) 


Thus, from the assumption (2.4) it follows that Q,(é,y,p) < 1 — y, that is (2.5) holds, therefore 
Eap E S(é, Y, p). 


Theorem 2.2. If 
[(1 — p)sec§ + p(1 — y)]E« ge (1) + (1 — y)Ea g (1) < 2(1 - Y), 


then Egg E K(,y, p). 


Proof. Using the definition (1.2) of Egg, in view of Lemma 1.2 it is sufficient to prove that 
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The left-hand side of the inequality (2.7) could be written as 
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O n(n — 1)() 
[1 — p)sec + p(1-y)] Z, T(a(n-1) +B) 
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and from (2.2) and (2.3) we get 
Q2(8,y,p) = [A — p)sec ë + p(1 —y) Ey (D + Ay) [Eng - 1] 


Hence, the assumption (2.6) implies that Q2(€,y, p) < 1 — y that is (2.7) holds, and consequently 
Eag E KE, Y, p). 


3. IMAGE PROPERTIES OF AB Operator 


Making use of the Lemma 1.1 and Lemma 1.3 we will focus the influence of the AB operator for 


the functions of the class R? (9, ô), and we will give sufficient conditions such that these images 
are in the classes S(é,y, p) and K (é, y, p), respectively. 


4. Theorem 3.1. If 
2|t|(1 — ô) 
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[1 - psec + p(1 — y)][Ea,g(1) - 1] 


then 
pCR O, 8)) € S, yp). 


Proof. Let f E R (9, 5) be of the form (1.1). To prove that AB (f) € S(é,y, p), in view of 
Lemma 1.1 it is required to show that 


= T 
> [A — p)(n— 1)sec + A —y)(1 + np = NN Ia <1-y. 


n=2 


Let we denote the left-hand side of the above inequality by 


T 
Q3 y, P): = Xn=2[(1 — p)(m — 1)secg + (1—y)(1 + np — p)] aR l 
Since f E R? (9, ô), by Lemma 1.3 we have 
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janl Sirsa- D n E€ N\ {1} 


and using the inequality 1 + 9 (n — 1) = Yn we obtain that 


0367p) < eaS ~[(1 = p)(n= Dsecg + (1-7) + np — p)] 
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From the above inequality, using (2.1), we get 


2a -8 7 E 
Q3(6¥,p) =y a [1 — p)secé + pC y)|[Ea,g — 1] 


1 
+(1-p)1-y- sect) | (0 1) dt, 


hence, the assumption (3.1) implies then Q3(€, y, p) < 1 — y, that is AB (f) € S(,Y, p). 


Using Lemma 1.2 and following the same procedure as in the proof of Theorem 2.2, we have the 
subsequent result. 


5. Theorem 3.2. If 
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then 
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Proof. Let f E R (9, 5) be of the form (1.1). In view of Lemma 1.2, to prove that AB He 
K(é,y, p) we have to show that 


2 n[(1 — p)(n — 1)sec§ + (1—y)(1 + np — Dle yh <1-y 
Since f € R*(9, 8), then by Lemma 1.3 we have 
ae en: 
1+0(n—-1 
and 1 + 9(n — 1) > Vn. Denoting the left-hand side of the inequality (3.3) by 
Qa, P)i= 2 ni — p)(n— 1)sec + (1 -y)(1 + np — p)] Ayp 


we deduce that 
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Now, by using (2.1) and (2.2), the above inequality yields to 
2|t|(1 — ô) 
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+(1— p)(— y — sec§)[Ea,g(1) — 1]} 
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Therefore, the assumption (3.2) yields to Q4(€, y, p) < 1 — y, which implies the inequality (3.3), 
that is AZ(f) € K(E,y,p). 


6. THE AIEXANDER INTEGRAL OPERATOR FOR E,, ¢ 
Theorem 4.1. Let the function ve be given by 
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[(1 — p)secé + p(1—y)]Ea,g(1) + 1 — pp) -y — secé) Ea g(1) S 201 —), 
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Proof. Since 
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according to Lemma 1.2, it is sufficient to prove that 
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or, equivalently 
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Now, the proof of Theorem 4.1 is parallel to that of Theorem 2.1, and so it will be omitted. 


Theorem 4.2. Let the function ve be given by (4.1). If 


[(1 — p)secé + p(1 — y) (Eag) - 1) 


1 /Exg(t 
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1)at<1-y, 


then BF E S(§,y, p). 


Proof. Since ve has the power series expansion (4.2), then by Lemma 1.1 it is sufficient to prove 
that 
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The left-hand side of the above inequality could be rewritten as 
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and using (2.1) we get 
Qs yP) < IA- psec + p(1—y)]|£ap() - 1] 
1 
+(1-p)(1-y- secé) | (2. 1) dt. 
0 t 


Therefore, if the assumption (4.3) holds, then Qs (¢,y,p) < 1 — y. Hence, ve ES(é,y,p) 


Remark 4.1. By taking p = 0 in Theorems 2.1-4.2, we can easily attain the sufficient condition 
for Egg E S(G,y) and Ey g E K($, y). The function Ey g is associated with Mittag-Leffler 
functions and has not been studied sofar. We left this as an exercise to interested readers. 


For the special case a = 1/2 and p = 1, that is connected with the error function can derive 
some results based on the error function. Thus, a simple computation shows that if 


E(z): = Ha) = 2 T5 


then 
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Using the above relations, from Theorems 2.1 and 2.2 we get, respectively. Example 4.1. If 


[(1 -psec + p(l-y)] ) — reece py — = 


n=1 r( n=1 7 7 *) 
<2(1-7y) 
then E E S(é,y, p). 
Example 4.2. If 
(= pysecé + (1-1 rE) +a- Da a 


Sr 
then E E K(€,y,p). 


Similarly, Theorems 4.1 and 4.2 give us the next examples. 


Example 4.3. If 
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then 
L(R*(9,5)) € KG, y, p) 
where £ is defined by (4.4). 


Finally, from Theorems 4.1 and 4.2 we have the following. 


Example 4.5. If 


2 n 
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then P € K(é,y,p), where £ is defined by (4.5). Example 4.6. If 


= dep aay 


TA nae nr (= m 


then P € S(é,y,p), where £ is defined by (4.5). 
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7. CONCLUSIONS 


In this investigation we obtained sufficient conditions and inclusion results for functions f E€ A 
to be in the classes S(é,y, p) and K(é, y, p), and information regarding the images of functions 
by applying convolution operator with Mittag-Leffler functions. 


The investigation methods are based on some recent results and techniques found in [15] and 
[16], and we determined sufficient conditions for the functions Eg g to belongs to the new defined 


classes S(€,y, p) and K(é, y, p). 


Moreover, we found sufficient conditions such that the images of the functions belonging to the 
class R? (9, 5) by the new defined convolution operator AB are in the classes S(é,y, p) and 


K(é,Y, p), respectively. 


Finally, we determined sufficient conditions such that the functions ve obtained as images of 
Eq,g Via the Alexander integral operator belong to the classes S (č, y, p) and K($, y, p) 


We emphasize that till now such kind of results doesn't appeared in any previous articles: the 
general classes S(é,y, p) and K(é, y, p) are completely new and introduced in [15,16], while any 
type of such results were not studied previously. 
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